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ABSTRACT 
For a linear operator T on complex Hilbert space H, we define M(T) as the least 
number such that T may be made a contraction by changing to a new norm 1.1, 
derived from an inner product, such that for all h E H 
We define K (I’) as the least number such that 11 p( T)ll < K (T) for all polynomials p 
mapping the complex unit disk into itself. In this paper it is assumed that T is similar 
to a unitary and that H is finite-dimensional. We find that the inequalities K (T) < 
M(T) < K (2”)’ always hold, and establish criteria for the equality K (T) = M (2’). We 
exhibit an example (with dim H = 12) where K (T) + M (T). 
1. INTRODUCTION 
We shall use the term “crypt0-unitary” to describe any operator T on a 
complex Hilbert space (H, II*II) such that T is unitary with respect to some 
new (equivalent) geometry on H. Thus T is crypto-unitary when T is 
invertible and there is some inner product norm 1.1 equivalent to II . /I such 
that ( T( = 1 T -l( = 1. It is easy to show that T is crypto-unitary exactly when 
T is similar to some operator U that is unitary with respect to the original 
geometry (T= S -‘US where S, U are invertible operators and jl CTIJ = 11 U-‘ll 
= 1). 
A crypto-unitary operator is a special type of “cryptocontraction,” this 
latter term being applied to any operator T such that the following quantity 
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is finite: 
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M(T)=inf{M:th ere is some inner product norm 1.1 
on H such that 1 T/ < 1 and 
The problem of finding an “intrinsic” description of cryptocontractions 
apparently remains open; the well-known conjecture that polynomially 
bounded operators are similar to contractions simply suggests that such an 
intrinsic description is the following: K (T) < co, where 
complex unit disk D into itself}. 
As we explain more fully in [2], while it is always the case that K (T) < 
M(T), the conjecture about polynomially bounded operators says that M(T) 
is, in turn, controlled by some function of K (T). 
By restricting our attention to crypto-unitary operators we obtain a more 
satisfactory theory in at least one sense. A classic result of B. Sz.-Nagy [4] 
gives us a simple intrinsic condition necessary and sufficient for an operator 
T to be crypto-unitary: 
sup )) T”)\ < co. 
--m<n<m 
For an arbitrary operator T on a space of finite dimension d, we found in 
[2] that M(T) is indeed controlled by a certain function of K(T), but that 
function may grow very rapidly with d as well as with K (T); on the other 
hand, we showed that M(T) = K (T) always holds when d =2. It appears 
difficult to obtain more detailed information on the relationship between 
M(T) and K(T) f or g eneral finite-dimensional cryptocontractions. Our pur- 
pose in this paper is to show that the situation is again somewhat clearer for 
crypto-unitary operators. In Sec. 2, we will see that for such an operator T 
on a space of dimension d < 00, M(T) is dominated by a function of K (T) 
that does not depend on d. In Sec. 3, we will develop criteria for identifying 
M(T) and K(T) that will allow us to conclude that, in fact, the equation 
M(T) = K (T) “usually” holds for these operators. On the other hand, the 
same analysis can be used to show that the phenomenon M(T) > K (T) does 
occur, even for crypto-unitary operators. Such examples are discussed in Sec. 
4. 
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A number of these results were first announced at the Operator Theory 
Conference held in Krakow, Poland during September 1973. 
2. THE FINITE-DIMENSIONAL CASE 
Let us fix some notation for the remainder of the paper. Let T be a 
crypto-unitary operator on a Hilbert space (H, (1.11) of finite dimension d; 
since T is unitary with respect to some geometry on H, the spectrum of T 
consists of (distinct) eigenvalues of modulus 1: 
eiOl ei8, 
3 >***1 e’fL. > 
moreover, H is the direct sum of the corresponding eigenspaces 
E,,E,,...,E,. 
That the analysis of crypto-unitary operators is easier than that of general 
cryptocontractions is due in large part to the following simple fact. 
PROPOSITION 2.1. Let 1.1, (. , . ) be a norm and corresponding inner 
product on H. Then 1 TI = 1 if, and only if, the E, are orthogonal with respect 
to (*, .). 
Proof. Consider hk E Ek and hi E Ei (k# j). Then, for x EC, 
* Ize’&h, + e”fhi/’ < Izh, + h,12 
+ Rez(l-e i’B”-8~))(hk,hj)>0. 
Hence, if I T I< 1, ( hk, hi) = 0. On the other hand, if the Ek are orthogonal 
with respect to (. , .), then 
htzH * h=h,+... +h, with hkEEk 
= lh,l’+... +lh,J2=lh12, 
so that I TI = 1 (and, in fact, T is unitary with respect to (. , .)). n 
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Clearly the simplest way to define a new geometry (1.1, (. , * )) on H such 
that IT/=1 is to let 1 hi = /I hII within each Ek, but require that the Ek become 
orthogonal. That is, for h=X:I;h, (hkEEk), let lh12=Cyllhkj12. We refer to 
this new geometry on H as the “straightened” geometry. 
THEOREM 2.2. Let M be the distortion involved in changing to the 
straightened geometry (described above). That is, let M = m*/m,, where 
Ihl m*= p;;m. m*=maxlhl 
hEf2 llhll * 
zbn M( (su~,>,lIT”ll)~ and hence M (T) Q [K ( T)12. 
Proof. We note that for h, E Ek, q E Ei 
(hk,gi)= _l?m $ $ (T”h,,T”gi), 
n-1 
since 
k=j j ( T”h,, T’&) = (e @+hk, e ‘@gi) 
= (hk> gi) 
for each n, while 
Since every vector in H is the sum of its components in the Ek, the formula 
(h,g)= nJirnm i $ (T”h,T”g) 
+ 1 
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is valid for all h,g E H. In particular, 
so that 
and 
m* < sup 11 T”ll 
I%>0 
or, equivalently, 
m,‘< sup IIT-“ll. 
I%>0 
We apply the “pigeonhole principle” to a fine partition of the m-cube 
LO, 2771 m into subcubes and to the integral multiples (mod 27r) of the vector 
B=p,,e, )...) em). 
There are integers p, 4 with n* = p - q arbitrarily large such that pe and qe 
lie in the same pigeonhole (subcube). Hence, given 6 >O, we can find 
arbitrarily large rz* such that 
In*&\ < 6 (mod 277), k=l,2 ,..., m. 
It follows that, given E > 0, there are arbitrarily large n* such that II I- Y/l 
<e. Hence 
l/T--“- T”*-“Il< &IIT-“~I 
and 
Clearly, then, 
IlT-“jj G sup IIT"II+ElIT-"lI. 
?I>0 
sup IIT-” < sup IIW, 
?l>O ?I>0 
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so that M < (sup,>,, ]I T” II)“. Evidently ‘f I we define the inner-product norm 
I*Ii by I~l,=l~ll~~, we have 
II4 Q Iw(~*l~*)ll~ll (heH). 
Since I Tj, < 1, 
M(T)<z=M<( SUP II T’ll)2. 
n>O 
Finally we note that each of the monomials Z” (n > 0) maps D into D, so that 
~~~n>ollT”Il< K (0 w 
REMARK. The inequality M(T) < [K ( T)12 (for any finite-dimensional 
crypto-unitary operator T) was first pointed out to us by Pratibha Ghatage, 
as a consequence of the theory of “c-full” operators (see Markus, 
Nikol’skaya, and Nikol’skii [3]) and the argument of Sz.-Nagy in [4]. The 
theorem above identifies the new geometry implicit in that argument as the 
“straightened” geometry and suggests that more precise estimates of M(T) 
will require modification of the original geometry on the eigenspaces Ek of T 
in addition to the straightening process. This possibility is explored in the 
following section, 
3. GENERIC CLASSES OF d-DIMENSIONAL CRYPTO-UNITARY 
OPERATORS 
Henceforth we consider only those cypto-unitary operators T on H 
(dim H = d) with d distinct eigenvalues; thus, in the notation of the previous 
section, rn= d and each Ek is one-dimensional. Such operators form a 
“generic” (th t a is, dense and open) class in the space of crypto-unitary 
operators on H: clearly they are dense, since any crypto-unitary operator can 
be modified slightly so that its eigenvalues become d distinct numbers of unit 
modulus (think of a diagonal matrix representation); standard results on the 
perturbation of spectra (see, for example, Dunford and Schwartz [l, Sec. 
VII.6.31) ensure that the set of operators on H with d distinct eigenvalues is 
open. 
We wish to fix the following notation. Let 1.1 be a new inner-product 
norm on (H, 11. II), and let (. , .) denote the corresponding inner product. We 
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assume that the eigenspaces Ek are orthogonal with respect to ( a, - ). Let 
Denote by U the unit sphere in H with respect to 1. I: 
and let 
U*={hEU:Ilhll=l} 
For each h E H let h, be the component of h lying in E,, and define the 
function o : H--Ad by 
Note that U, and U* are compact sets in H, so that u( U,) and O( U*) are 
compact in Rd; it is also clear that v( U,) and C( U*) lie in part of the 
hyperplane {xi + x2 + . . . + xd = I} contained in the non-negative orthant of 
Rd. The following two theorems relate A4 (T) and K (T) to the interaction of 
u( U,) and u( U*). 
THEOREM 3.1. Equality holds in the estimate M(T) 6 M if, and only if, 
the convex hulls CO(D ( U*)) and CO(C( U”)) intersect. 
Proof. Since we assume the Ek are orthogonal with respect to (. , .), 
Proposition 2.1 ensures that 1 T\ = 1, so that certainly M (T) < M. If M(T) < 
M, we must show that 
co(z?(U*))nco(c(U*))=0. 
Equivalently, we must find a linear functional F on Rd such that 
max F(o(h))<hFg 
hEV* 
F(o(h)). 
* 
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But, if A4 (T) < M, we can define such a functional as follows. Let 1.1  be an 
inner-product norm on H such that 1 TI, = 1 and 
llhll G 1% < M~llhll (h-f), 
where M, < M. By Proposition 2.1, the Ek are orthogonal with respect to the 
1. ) i-geometry, so that 
IhIT= Ihllf+. . . +lh& (hEH). 
Since Ek is one-dimensional, the ratio I h,l~/lh,12 has a fixed value uk as h, 
ranges over Ek. Hence, if we define F on Rd by 
F (x) = alxl + . . . + udxd, 
we have F(u(h))=lhlT for each hEH. Now 
hEU, =+ 1%) llhlI=l 
* F@(h)) > 1, 
while 
hEU* =+ Ihll<MJhll=M1/M 
* F(v(h))<M,/M(<l). 
It remains to show that M (2’) < M under the assumption that the convex 
hulls of u( U,) and v( U*) are disjoint. Invoking the separation theorem again, 
we may assume that there is some linear functional G on Rd such that 
~~~*G(c(h))<b*<b,<hr=iun G(u(h)). 
* 
We suppose that G (x)=Xfbkxk, and we define 1. II by 
IhI;= i Cl+ Eh)lM2 (hEH), 
1 
for some E > 0 to be chosen later, but small enough in any case so that each 
1 + .sbk > 0. Evidently ) . II is an inner-product norm and the Ek are orthogonal 
with respect to the 1. Ii-geometry. By Proposition 2.1, (TI, = 1. Hence, to 
show that M(T) < M it will be enough, as in the proof of Theorem 2.2, to 
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verify that the “distortion” m*/m,, where 
IhI, 
m*= hm$M and m*=ma!.L hEH llhll ’ 
is strictly less than M. 
Let g,,g* be the extreme values of G on the (compact) part of the 
hyperplane {x1 + * . . + xd = l} in the non-negative orthant of Rd. Let 
C*={hEU:G(u(h))>b*}, 
Since the compact sets C* and U* do not intersect, 
similarly, 
p*=min{IIh(l:hEC*}>I/M; 
,a.,=max{IIhII:hEC,}<l. 
Let us now estimate m*; by homogeneity we need consider only h E U. If 
h E C*, then 
IhI? 1+&G@(h)) -= 
llhl12 llhl12 
1+&g* 
<----- 
(P*)2 ’ 
if, on the other hand, h E U - C*, then 
Iv4 l+eG(u(h)) -= 
/PII2 llhl12 
~ 1+&h* 
(I/W2 
= M2 (1+ eb*). 
198 
It follows that 
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(m*)2<max(( p*)-“( l+Eg*),Ma(l+Eb*)), 
and since (l/p*) < M, it is clear that for E small enough 
rn* Q M(1+&*)1’2. 
Similarly, by considering separately those h E C, and those h E U- C,, we 
can see that 
(m*)2>min(( 1.4)~2(1+~gq),(1+~b*)), 
and since l/y* > 1, 
m, >(1+eb*)1’2 
when E is sufficiently small. Thus for certain small (but positive) values of E, 
and this is strictly less than M, since b* < b,. n 
THEOREM 3.2. Equality holds in the estimate K(T) < M if, and only if, 
the sets u( U,) and v( U*) intersect. 
Proof. We have observed in the last theorem that M(T) < M. Since 
K (T) < M(T) for every operator (see [2; Proposition 2.1]), it is certainly the 
case that K (T) < M. Now if K(T) = M, there is a sequence of polynomials 
p, : D+D and vectors g” E H such that 
II prl(T)g”ll EM 
IIg”ll n . (1) 
By homogeneity, we may assume that h” = p,(T) g” E U. But for h E U, 
II h II < (hi = 1, with equality holding only on U,. Moreover, if h = p(T) g, 
where p : D-D, then 
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so that 1 gl > Ihl= 1 and hence 11 gll > 1 g//M > l/M, with equality only when 
lhkl = 1 gkl and g E U*. It follows from (l), then, that 
Ih{l-lgknl-;:O (k=W >..*, d), 
d(h”,U,);:O, and d(g”,U*)TO. 
(2) 
By passing to a subsequence, we may assume that h”+h E U, and g”+g E 
U*. Then (2) implies that / h,l = I &I for each k, so that 
u(h)=u(g)Eu(U,)nv(U*). 
It remains to show that K (T) 1s necessarily M whenever u( U,) and 
v( U*) intersect. Suppose that h E U, and g E U* are such that v(h) = o ( g). 
Then for each k, lhkl = 1 gkJ, so that, since Ek is one-dimensional, there is some 
z, E D (with lzkl = 1) such that h, = zkg,. Since the eigenvalues ei4 are 
distinct, we can construct, given 6 >O, a polynomial p: D+D such that 
Ip(eiek)-zkI<8 (k=l,...,d); a proof of this fact is included under the 
heading of Lemma 3.3. Evidently, then, given E >O, there is a polynomial 
p:D+D such that IIp(T)g-hII<&. Since Ilhil=l, while ilgll=l/M, we 
conclude that K (T) > M; the reversed inequality always holds. n 
LEMMA 3.3. Let e i*l,. . . , e’b be distinct, and suppose that .zl,. . . ,z, are 
points of D. Given 6 > 0, there is a polynomial p(x) such that p : D+D and 
Ip(eiek)-zZk(<8 (k=l,...,d). 
Proof Let f(0) b e any continuous 2q-periodic function such that 
f(O,)=zk (k=l,...,d) and, for all 0, If(e)1 < 1. For any E>O, we can 
approximate f (0) uniformly within E by a trigonometric polynomial 
t(O)= f_ cneid. 
-N 
By the argument given in the proof of Theorem 2.2, we can find an integer 
n* 2 N such that 
Iei”*ek-ll<e (k=l,...,d). 
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Let p be the polynomial defined by 
p(z) = (1+ s)-l 2 C”Z(n+n? 
n=-N 
Certainly p : D+ D since, by the maximum principle, 
4(1+~)-‘(mO~If(B)I+~)41. 
Moreover, for each k, 
Ip(e’4)-Zkl=/(l+E)-le’n*e~t(Bk)-Zkl 
<lei~‘8~t(e,)-(1+&)Xkl 
(&(If(ek)I+&)+(t(e~k)-f(ek)(+& 
G&(1+&)+2&. 
Evidently, by the appropriate choice of E, the conditions of the lemma will 
be satisfied. H 
Looking at H in terms of the 1. I-geometry, the sesquilinear functional 
(a, -) has the form (h,g) = (Ah, g) where A is a positive linear operator. The 
sets 
and 
H,={hEH:I/h/j=lhl) 
H*={hEH:Ilhll=lhl/M) 
are subspaces, being the eigenspaces of A corresponding to its maximum and 
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minimum eigenvalues. As such, H* and H, are orthogonal with respect to 
(. , * ). Moreover, U, = H, n U and U* = H* n U. Generically, we expect H* 
and H, to be one-dimensional. In this sense, the following proposition 
suggests that “normally” M(T) = K (T) for a finite-dimensional crypto- 
unitary operator T. 
PROPOSITION 3.4. Suppose that the 1. J-geometry is optimal in the sense 
that M = M(T). Then M(T) = K (T) whenever H, and H* are one-dimen- 
sional. 
REMARK. In the finite-dimensional situation under consideration here it 
is evident that such an “optimal” geometry always exists. Actually, it is 
possible to find a new inner-product norm 1.1 with 1 TI = 1 and 
llhll < Ihl G M(T)llhll (hEHI 
for any cryptocontraction T (see Proposition 2.4 of [2]). 
Proof. Simply note that if H, is one-dimensional and h, h’ E U,, then 
h’ = e”h for some 8, so that o (h’) = v(h). It follows that v( U,) is a single 
point in Rd, and similarly, o ( U*) is a point. Since M = M (T), co( v ( U,)) and 
co( v( U*)) intersect by Theorem 3.1. This just says that u( U,) and v( U*) 
coincide, so that, by Theorem 3.2, K (T) = M [ = M (T)]. n 
The last proposition shows, in particular, that M(T) = K (T) whenever 
d = 2 and T is crypto-unitary; in fact, as we have mentioned, the same result 
holds for any two-dimensional cryptocontraction (see Theorem 3.1 of [2]). 
For crypto-unitary operators we can also handle the three-dimensional case 
by means of the methods developed above. 
PROPOSITION 3.5. For any crypto-unitary operator T (with distinct 
eigenvalues) on a space of dimension 3, M (T) = K (T). 
Proof. Let us assume once more that ( + ) is optimal, so that M = M(T). If 
H, and H* are one-dimensional, we simply appeal to Proposition 3.4. 
Otherwise H* = H,i (with respect to (v;)). Let’s suppose that H* is one-di- 
mensional (if, instead, H* is one-dimensional, the argument is entirely 
similar). Arguing as in the proof of Proposition 3.4, we see that c( U,) is a 
single point in R3. In fact, if we represent elements of H as triples in C3 by 
reference to an orthonormal basis (with respect to (. , . )) chosen from the 
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spaces E,,E2,E,, then for certain complex ‘~,fi,y, 
U*={e”(a,fi,y):OER}. 
Then ~(U*)={(a,b,c)}, where u=]o)‘, b=f/3j2, and c=/Y]~. 
First consider the case where a, b,c are such that they represent the 
lengths of some triangle in the plane. Then for appropriate values of 0,,8,, 
It follows that if U* is the element of H represented by (ar, e”@, e”?), then 
u* E tJ*, since IL* is orthogonal to every h* in H*: 
h*=z(a,by) for some z EC, 
Since v(u,)=(a,b,c), we have v(U*)cv(U,), so that K(T)=M [=M(T)] 
by Theorem 3.2. 
In the remaining case where no triangle with sides a, b, c exists, one of 
the numbers must exceed the sum of the other two. We may suppose that 
a> b+c. Since M= M(T), Theorem 3.1 tells us that (a,b,c) must be a 
convex combination of two points (a,, b,, cl) and (a,, b,, c2) in u (U,); evi- 
dently, then, a, > bk + C~ for at least one value of k, and we may suppose it is 
k=l. Now (a,,b,,c,)=u(h*) f or some h, E U,, so that h.=(a,,fi,,y,) with 
](~~]~=a~, IP112=bl, IYJ~=c~, and 
It would follow that I a&, I < 1 /?&I + I yUl 1, and by the Cauchy inequality that 
< .1’2uy2= (a(-Iq(. 
This contradiction shows that the case considered in this paragraph does not, 
in fact, occur. n 
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4. EXAMPLES 
In this section 
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we exploit the suggestions implicit in Theorems 3.1 and 
_ 
3.2 for the construction of operators T such that M(T) > K (T). Note that 
Proposition 3.5 tells us that the underlying space should be of dimension 4, 
at least. 
THEOREM 4.1. There exist finite-dimensional crypto-unitary operators 
(with distinct eigenvalues) T such that K (T) < M(T). 
Proof. We use again the notation of Sec. 3. Thus, E,,. . .,E, are the 
(. , . )-orthogonal, one-dimensional eigenspaces of T. If we choose uk E Ek 
with (ukl = 1, then, representing elements of H by means of their coordinates 
relative to the orthonormal basis {u,}~, we have 
u((z 1, - *. ,Zd)) = ( ($I29 IQ>. *. > lql”). 
Suppose we are able to find orthonormal vectors h,, h,, h, such that v(h,) 
is not in 
v({alhl+a2h2:a1,a2EC and Ja,~2+)a2~2=I}) 
but does lie in the convex hull of this set. Letting h,, . .., hd complete an 
orthonormal basis for H, we define the inner product norm 11. /I on H by 
setting 
I) P 
$ cxkhk 2=,a,12+,~p,2+ala3,2+ + $ ,aJ2. 
Clearly, then, 
llhll G Ihl G 2llhll WW 
and 
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Hence, by the properties of h,, h,, h,, we have 
u(U*)nco(v(U*))#0, 
while v( U*) and C( U,) are disjoint. Theorems 3.1 and 3.2 imply that, with 
respect to the 11. II-geometry, M(T) = 2, but K (T) < 2. 
It remains to display h,, h,, h, with the properties above. While we 
expect that there are other examples on spaces of smaller dimension, one 
conveniently described example is the following. Let d= 12 and 
where w = ei2n/3 (a p rimitive third root of unity) and g,,g,,g, are the 
quadruples defined as follows: 
g,=(o, &i/3, $) 
g,=(l/CV2 ,+,;,1/3V2). 
It is easy to see that each / h,l = 1 and that the h, are orthogonal. For 
example, 
(ha, hi) = g,.g, + wg,.g, + w2g,.gl = 0, 
since 1+ w + w2 = 0. Moreover, 
I g3k12= $(I g,k12+ I g,k12) (k= 1,2,3>4), 
so that c(Ja3) = i[u(h,)+ c(h,)], and certainly 
u(h,)-+( G)). 
It remains to show that c(hg) G? v( U,). Suppose, however, that u(h3) = 
c(a,hl+ a2h2), where (a,(2+ ((YJ~= 1. C onsidering the first components of 
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the h,, we would have 
and hence \(Y~I~= $. Then ((Y~I’= f, so that aI&2 has the form ei8/2. Looking 
at the second components of the h,, we would have 
so that Ia1 + (~~1~ = 1 and hence Ree ie = 0, that is, eie = + i. Finally, upon 
consideration of the third components of the h,, we would conclude that 
so that Ia1 + icx212 = 1. This is contradictory, since 
la,+ i~u,l~=(a,l~+ ILu,\“+2ReLu, (ia2) 
=l+Rei(-ti)=l-Cl. 
n 
We are happy to acknowledge our debt to Pratibha Ghatage for several 
stimulating discussions about the questions treated in this paper (see, in 
particular, the remark following Theorem 2.2). 
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